In this paper we provide some applications of the norm form in some quaternion division algebras over rational field and we give some properties of Fibonacci sequence and Fibonacci sequence in connection with quaternion elements. We define a monoid structure over a finite set on which we will prove that the defined Fibonacci sequence is stationary, we provide some properties of the norm of a rational quaternion algebra, in connection to the famous Lagrange's four-square theorem and its generalizations given by Ramanujan. Moreover, we prove some results regarding the arithmetic of integer quaternions defined on some division quaternion algebras and we define and give properties of some special quaternions by using Fibonacci sequences.
Introduction
Over the time, the problem of determining integer numbers a, b, c, d such that all positive integers can be written under the form ax 2 + by 2 + cz 2 + du 2 , with x, y, z, u∈Z, has fascinated many mathematicians. Jacobi proved that all positive integers n can be written under the form n = x 2 + 2y 2 + 3z 2 + 6u 2 , with x, y, z, u∈Z. Liouville and Pepin proved that for (a, b, c, d) ∈ {(1, 1, 1, 1) , (1, 1, 2, 2) , (1, 2, 2, 2) , (1, 1, 1, 4) , (1, 1, 2, 4) , (1, 2, 2, 4)} ∪ {(1, 2, 4, 4) , (1, 1, 2, 8) , (1, 2, 4, 8) , (1, 1, 3, 3) , (1, 2, 5, 10)} , all positive integers can be written under the form n = ax 2 + by 2 + cz 2 + du 2 , with x, y, z, u∈Z.
In the paper [Ra; 1917], S. Ramanujan has found all positive integers a, b, c, d such that all positive integers n can be expressed under the form ax 2 + by 2 + cz 2 + du 2 , with x, y, z, u∈Z. He proved that there are only 55 sets of values of a, b, c, d such that any positive integer n can has the form n = ax 2 + by 2 + cz 2 + du 2 , with x, y, z, u∈Z ([Ra; 1917] , p. 171). From these 55 sets of values, only 7 sets of values of a, b, c, d have the properties a = 1 and d = bc, namely for (a, b, c, d) ∈
(1, 1, 1, 1) , (1, 1, 2, 2) , (1, 1, 3, 3) , (1, 2, 2, 4) , (1, 2, 3, 6) , (1, 2, 4, 8) , (1, 2, 5, 10) .
(1.1.)
In this paper we find an interesting connection between quaternion algebras and these quaternary quadratic forms. Moreover, we define a monoid structure over a finite set on which we will prove that the defined Fibonacci sequence is stationary, we prove some results regarding the arithmetic of integer quaternions defined on some division quaternion algebras and we define and give properties of some special quaternions by using Fibonacci sequences.
Fibonacci stationary elements
Let (f n ) n≥0 be the Fibonacci sequence f n = f n−1 + f n−2 , n ≥ 2, f 0 = 0; f 1 = 1, and (l n ) n≥0 be the Lucas sequence l n = l n−1 + l n−2 , n ≥ 2, l 0 = 2; l 1 = 1.
We know that the Binet's formula for Fibonacci sequence are f n = α n − β n α − β = α n − β n √ 5 , (∀) n ∈ N. and the Binet's formula for Lucas sequence are l n = α n + β n , (∀) n ∈ N.
Proposition 2.1. ( [Fib] ). Let (f n ) n≥0 be the Fibonacci sequence and let (l n ) n≥0 be the Lucas sequence. The following properties hold:
It is well known that the Fibonacci sequence is periodic when it is reduced modulo m and this period is called Pisano's period, denoted by π (m). Fibonacci numbers are defined by using the addition operation over the real field. Will be interesting to find other finite algebraic structures on which we will study the behavior of such a sequence. Therefore, it is interesting to find other multiplications and sets such that the behavior of such a sequence defined on to be predictable. In the following, we will define a monoid structure over a finite set on which we will prove that the defined Fibonacci sequence is stationary.
Let (M 1 , ⊥) and (M 2 , ⊺) be two monoids. On their cartesian product M 1 × M 2 we define the following multiplication " * ":
(2.1.)
It results that (M 1 × M 2 , * ) is a monoid. Now, we consider the totally ordered sets
On A i we define the multiplication " + i "
It results that (A i , + i ) is a commutative monoid. We consider the Cartesian product A = A 1 × A 2 × ... × A k . Using relation (2.1), we obtain that (A, * ) is a commutative monoid. The set A = {y 0 ≤ y 1 ≤ ... ≤ y 2 k −1 } is ordered with lexicographic order and it is a totally ordered set. We denote y 0 = 0 = (o 1 , o 2 , ..., o 2 k ) and y 2 k −1 = 1 = (x 1 , x 2 , ..., x 2 k ).
On A, the above multiplication " * " can be given by the following relations:
y * 0 = y, for all y ∈ A.
. Example 2.2. Let k = 3. We have A = {(y 0 , y 1 , ..., y 7 )}, where
Definition 2.3. We consider (M, * ) a commutative monoid. For a, b ∈ M , we define the following sequence
where v 0 = a, v 1 = b and v n+2 = v n * v n+1 , for n ∈ N. This sequence are called the Fibonacci sequence attached to the elements a, b. If we find a number t ∈ N such that v n = v n+1 = v n+2 = ...., for all n ≥ t, then the sequence {a, b} is called t-stationary.
Proposition 2.4. With the above notations, the Fibonacci sequence defined on the set A is t-stationary.
Proof. If a, b ∈ M, a = 0, b = 0, we consider the sequence
We get that the obtained increased sequence is stationary, since the set A is finite. Therefore, there is
Assuming now that a, b ∈ A and b = 0, we obtain the sequence {a, b} with v 0 = a, v 1 = 0, v 2 = a, v 3 = a, v 4 = a * a > a. Therefore, from the above, we obtain a stationary sequence, that means we get a number t ∈ N such Remark 2.6. Proposition 2.4 from above generalizes results obtained in [Fl; 20], Proposition 2.6.
Remarks regarding the norm of a quaternion algebra
In this section, we will provide some properties of the norm of a rational quaternion algebra, in connection to the famous Lagrange's four-square theorem and its generalizations given by Ramanujan in [Ra; 1917] .
First of all, we recall some results about diophantine equations, about quaternion algebras and about Fibonacci sequence, results which will be used in the following proofs. 
Proposition 3.2. ([Gi, Sz; 06]). Let K be a field. Then, the quaternion algebra H K (b, c) is a split algebra if and only if the conic
Let K be an algebraic number field, let O K be the ring of integers of the field K and let H K (b, c) be a quaternion algebra over the field K. We recall that the discriminant (or reduced discriminant) D HK (b,c) of the quaternion algebra
If p is a prime and K = Q, we recall the notations: · p for the Legendre symbol in Z and (b, c) p for the Hilbert symbol in the p-adic field Q p
Since a quaternion algebra is either split or a division algebra, it results that a quaternion algebra H K (b, c) is a division algebra if and only if there is a prime p such that p|D HK (b,c) . Let b, c be positive integer numbers and let H Q (−b, −c) be the generalized quaternion algebra over the field of rational numbers. Let x∈H Q (−b, −c) , x = x 1 · 1 + x 2 e 2 + x 3 e 3 + x 4 e 4 , where x i ∈ Q, i ∈ {1, 2, 3, 4}, and the elements of the basis {1, e 2 , e 3 , e 4 } satisfy the following rules, given in the below multiplication table:
, we denote by n (x) and t (x) the norm and the trace of a quaternion x. The conjugate of the quaternion
and the norm has the following expression
is called a division algebra, otherwise the quaternion algebra is called a split algebra.
then, the norm map n :
Proof. If we consider any positive integer m, from relation (1.1), there are some integers
If we consider any positive rational number m = m ′ l , where m ′ , l∈N, l = 0, g.c.d m ′ , l = 1, by using the same argument as above for m ′ l, there are some
. From here, it results that, n is a surjective function.
ten the obtained 7 quaternion algebras over the field of rational numbers, H Q (−b, −c), are all division algebras.
Let K be a field. It is known that two quaternion K-algebras which split are isomorphic, but a similar result is not known in the case of two division quaternion K− algebras. These algebras may be isomorphic or may be not. We are interested to know how many of these 7 quaternions Q-algebras are isomorphic and which with which is isomorphic.The answer to this question is given in the following proposition.
Proposition 3.6. a) The quaternion algebras H Q (−1, −1 
are not isomorphic between them and nor with those 5 quaternions algebras from a).
Proof. It is known ( [Ko] ) that if a prime p divides the discriminant of the algebra H Q (−b, −c), then p must divides 2bc. We know that the discriminant
is a principal ideal domain, to simplify writing, an ideal of Z is identified with its generator, up to units. We consider the algebra H Q (−2, −3). Let p be a prime which divides the discriminant of H Q (−2, −3), therefore we have p|6. If p = 3, by using the properties of the Hilbert symbol and of the Legendre symbol we obtain:
It results that 3 does not ramify in H Q (−2, −3). By following computation
we obtain that the only prime which ramifies in H Q (−2, −3) is 2. Therefore, the reduced discriminant of the algebra H Q (−2, −3) is 2. In a similar way, we obtain that
Now, by using Proposition 3.3, it results that the quaternion algebras H Q (−1, −1) ,
Similar to a), we calculate the discriminants for the quaternion algebras H Q (−1, −3) , H Q (−2, −5) and we obtain that
Therefore, by using again Proposition 3.3 and a), from above, we obtain that the quaternion algebras H Q (−1, −3) , H Q (−2, −5) are not isomorphic between them and nor with those 5 quaternions algebras from a). Proof. For the first three cases, we use Proposition 3.1, but we are not looking for integer solutions of the equation x 2 + my 2 = z 2 , we are looking for solutions over Z [i] of the equation −x 2 − my 2 = z 2 . Case 1. If b = 1, c = 1, then we remark that (x 0 , y 0 , z 0 ) = (3i, 4i, 5) is a solution of the equation −x 2 − y 2 = z 2 over Q (i)\{(0, 0, 0)} . Case 2. If b = 1, c = 2, then we remark that (x 0 , y 0 , z 0 ) = (i, 2i, 3) is a solution of the equation −x 2 − 2y 2 = z 2 over Q (i)\{(0, 0, 0)} . Case 3. If b = 1, c = 3, then we remark that (x 0 , y 0 , z 0 ) = (i, i, 2) is a solution of the equation −x 2 − 3y 2 = z 2 over Q (i)\{(0, 0, 0)} . Case 4. If b = 2, c = 2, then we remark that (x 0 , y 0 , z 0 ) = (i, i, 2) is a solution of the equation −2x 2 − 2y 2 = z 2 over Q (i)\{(0, 0, 0)} . Case 5. If b = 2, c = 3, then we remark that (x 0 , y 0 , z 0 ) = (1, i, 1) is a solution the equation −2x 2 − 3y 2 = z 2 over Q (i)\{(0, 0, 0)} . Case 6. If b = 2, c = 4, then we remark that (x 0 , y 0 , z 0 ) = (2i, 1, 2) is a solution of the equation −2x 2 − 4y 2 = z 2 over Q (i)\{(0, 0, 0)} . Therefore, from Proposition 3.2, it results that the quaternions algebras H Q(i) (−1, −1) ,
are split algebras. Case 7. If b = 2, c = 5, we use the same idea as in Proposition 3.6 and we determine the primes which ramify in H Q(i) (−2, −5). For the same purpose, we also can use the computer algebra system Magma ( [Mag] ) and we find that the reduced discriminat of the quaternion algebra H Q(i) (−b, −c) is D H Q(i) (−2,−5) = 5Z [i], therefore the quaternion algebra H Q(i) (−2, −5) is a division algebra.
Some aspects regarding the arithmetic of Integer Quaternions
As we remarked above, the algebras H Q (−1, −1) ,
, H Q (−2, −5) are division algebras and have a surjective norm form. We denote with H the set of these algebras, namely
First five of these algebras are isomophic. In H Q (−1, −1) is defined the following sets
called the set of Lipschitz integers and
x 1 , x 2 , x 3 , x 4 are all in Z or all in Z + 1 2 , called the set of Hurwitz integers (see [Co, Sm; 03] , p.55). In a similar way, for an algebra A ∈ H, we will define the set
We call the elements of this set the integers of the algebra A ∈ H. Proof. Since the norm n is surjective, there is a quaternion θ ∈ A (Z), such that n (θ) < n (y). Therefore, there is a quaternion δ ∈ A such that θ = x − δy, with
We denote γ = (x − θ)y ∈ A (Z). It results Definition 4.5. ([Gu; 13], Definition 2 and Theorem 1) We consider ϕ an odd quaternion from H (Z) and x, y ∈ H (Z) two arbitrary quaternions. If there is the quaternion θ ∈ H (Z) such that x − y = θϕ, therefore the quaternions x and y are called right congruent modulo ϕ and we will denote this x ≡ r y mod ϕ. We obtain an equivalence relation and the quotient set is
The set H (Z) ϕ has n 2 (ϕ) elements and, from the above propositions, we have n (y) < n (ϕ).
Definition 4.6. Let A ∈ H, a quaternion q ∈ A is a unit in A if n (q) = 1. A quaternion q ∈ A (Z) is a prime quaternion if q = αβ, α, β ∈ A implies α or β is a unit element.
Remark 4.7. ([Gu; 13] , Definition 5 and Remark 2) 1) We will consider the element v ∈ H Z 1 2 , v = 1 2 (1 + e 2 + e 3 + e 4 ) and we consider the set A = {q ∈ H Z 1 2 , q = α + βv, α, β ∈ Z}. We remark that multiplication is commutative on A, therefore we obtain that this set is a commutative ring. It results that we can define the same equivalence relation as above, obtaining the quotient ring A ϕ , with ϕ a prime quaternion in A. Proof. We supose that q is a prime quaternion and n (q) = m, such that m is not a prime number.Therefore, m = rs, with r = 1 and s = 1. Since the norm n is surjective, it results that there are the quaternions q 1 , q 2 ∈ A (Z) such that n (q 1 ) = r and n (q 2 ) = s. We obtain that q 1 and q 2 are not unit quaternions, thus q is not a prime quaternion, which it is false. It results that n (q) is a prime number.
Conversely, if n (q) = p is a prime number and q = q 1 q 2 , we obtain that p = n(q) = n( q 1 q 2 ) = n (q 1 ) n (q 2 ). Therefore, n (q 1 ) = 1 or n (q 2 ) = 1. It results that q is a prime quaternion.
Remark 4.9. The above proposition generalized Corollary 2.6.10 from [Da, Sa, Va; 03]. In that statement the above result was proved for the algebra H Q (−1, −1) without using the surjectivity of the norm.
2) ([Gu; 13], Theorem 2) If q ∈ A, q == α+βv, α, β ∈ Z, with gcd{α, β} = 1, therefore Z n(q) and A ϕ are isomorphic as rings. Therefore, if q is a prime quaternion, that means its norm n (q) is a prime number, we obtain than A ϕ is a commutative field isomorphic to Z n(ϕ) . We remark that n (ϕ) = ϕϕ = (α + βv) (α + βv) = = α 2 + αβv + αβv + β 2 vv = = α 2 + αβ + β 2 .
Example 4.10. 1) Let q = −1 + 2v. We obtain that n (q) = 3, therefore Z 3 ≃ A −1+2v = {0, 1, v}, since we have 2 = (−1 + 2v)(−v) + v, with the norm n (v) = 1 < 2.
2) Let q = 1 + 2v. We obtain that n (q) = 7, therefore
We have: 
Quaternions with permutations
For b = 1, c = 2, we consider the quaternion algebra H Q(i) (−1, −2). From Proposition 3.7, this algebra is a split algebra. Let S 4 be the set of all permutations of degree 4 on the set {n, n + 1, n + 2, n + 3}, where n is a positive integer. We define a new element, namely, the σ− permutated nth Fibonacci-Hurtwitz quaternion
Proposition 5.1. Let Q (i) be the quadratic field where i 2 = −1. For the quaternion algebra H Q(i) (−1, −2) and for each positive integer n let F n,σ be the σ− permutated n th Fibonacci-Hurtwitz quaternion. Therefore, for σ = n n + 1 n + 2 n + 3 n + 3 n n + 1 n + 2 or for σ ∈        n n + 1 n + 2 n + 3 n n + 3 n + 1 n + 2 , n n + 1 n + 2 n + 3 n + 3 n n + 2 n + 1 , n n + 1 n + 2 n + 3 n n + 3 n + 2 n + 1
the norm of a such quaternion is
Proof. For σ = n n + 1 n + 2 n + 3 n + 3 n n + 1 n + 2 , we have n (F n,σ ) = 1 4 (f 2 n+3 + f 2 n + 2f 2 n+1 + 3f 2 n+2 ).
Using Proposition 2.1 i) and ii), we obtain
In the same way, for
n n + 1 n + 2 n + 3 n n + 3 n + 1 n + 2 , n n + 1 n + 2 n + 3 n + 3 n n + 2 n + 1 , n n + 1 n + 2 n + 3 n n + 3 n + 2 n + 1
we obtain that n (F n,σ ) = f 2n+3 .
Corollary 5.2. We consider Q (i) the quadratic field where i 2 = −1 and the quaternion algebra H Q(i) (−1, −2) . Then, for σ = n n + 1 n + 2 n + 3 n + 3 n n + 1 n + 2 or for σ ∈        n n + 1 n + 2 n + 3 n n + 3 n + 1 n + 2 , n n + 1 n + 2 n + 3 n + 3 n n + 2 n + 1 , n n + 1 n + 2 n + 3 n n + 3 n + 2 n + 1
the following statements we true: i) All σ− permutated n th Fibonacci quaternions F n,σ are invertible; ii) There are not unitsσ− permutated n th Fibonacci quaternions F n,σ .
Proof. i) Applying Proposition 5.1, for σ = n n + 1 n + 2 n + 3 n + 3 n n + 1 n + 2 or for σ ∈        n n + 1 n + 2 n + 3 n n + 3 n + 1 n + 2 , n n + 1 n + 2 n + 3 n + 3 n n + 2 n + 1 , n n + 1 n + 2 n + 3 n n + 3 n + 2 n + 1
we have n (F n,σ ) = f 2n+3 = 0, (∀)n∈N, therefore F n,σ are invertible for all n∈N.
ii) The only Fibonacci numbers equals with 1 are f 1 and f 2 , then, by using Proposition 5.1, we have n (F n,σ ) = f 2n+3 = 1, for all n∈N. It results that F n,σ is not a unit quaternion, for all n∈N.
If n, k are two positive integers, from [Ra; 1917], p. 171, we get tha there are x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 ∈Z such that n = x 2 1 + x 2 2 + 2x 2 3 + 2x 2 4 and k = y 2 1 + y 2 2 +2y 2 3 +2y 2 4 . We want find u 1 , u 2 , u 3 , u 4 ∈Z such that n·k = u 2 1 +u 2 2 +2u 2 3 +2u 2 4 .
Proposition 5.3. Let n, k be two positive integers, n = x 2 1 + x 2 2 + 2x 2 3 + 2x 2 4 , k = y 2 1 + y 2 2 + 2y 2 3 + 2y 2 4 , with x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 ∈ Z. Then n · k = (x 1 y 1 − x 2 y 2 − 2x 3 y 3 − 2x 4 y 4 ) 2 + (x 1 y 2 + x 2 y 1 + 2x 3 y 4 − 2x 4 y 3 ) 2 + +2 (x 1 y 3 + x 3 y 1 − x 2 y 4 + x 4 y 2 ) 2 + 2 (x 1 y 4 + x 4 y 1 + x 2 y 3 − x 3 y 2 ) 2 .
Proof. We consider the quaternion algebra H Q (−1, −2) and x = x 1 · 1 + x 2 e 2 + x 3 e 3 + x 4 e 4 , y = y 1 · 1 + y 2 e 2 + y 3 e 3 + y 4 e 4 ∈H Q (−1, −2) , where x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 ∈Z. We have:
x · y = (x 1 y 1 − x 2 y 2 − 2x 3 y 3 − 2x 4 y 4 ) · 1 + (x 1 y 2 + x 2 y 1 + 2x 3 y 4 − 2x 4 y 3 ) e 1 + + (x 1 y 3 + x 3 y 1 − x 2 y 4 + x 4 y 2 ) e 2 + (x 1 y 4 + x 4 y 1 + x 2 y 3 − x 3 y 2 ) e 3 .
By using the fact that the norm is multiplicative, that means n (xy) = n (x) n (y), we obtain
Since the numbers x 1 , x 2 , x 3 , x 4 , obtained in the expresion of n, are not unique and the numbers y 1 , y 2 , y 3 , y 4 , obtained in the expresion of k, are not unique, the representation of nk under the form n·k = u 2 1 +u 2 2 +2u 2 3 +2u 2 4 is not unique.
Corollary 5.4. Let n, k be two positive integers, n = x 2 1 + x 2 2 + 2x 2 3 + 2x 2 4 , k = y 2 1 + y 2 2 + 2y 2 3 + 2y 2 4 , with x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 ∈ Z. Then we have n · k = (x 1 y 1 + x 2 y 2 + 2x 3 y 3 + 2x 4 y 4 ) 2 + (x 1 y 2 − x 2 y 1 + 2x 3 y 4 − 2x 4 y 3 ) 2 + +2 (x 1 y 3 − x 3 y 1 − x 2 y 4 + x 4 y 2 ) 2 + 2 (x 1 y 4 − x 4 y 1 + x 2 y 3 − x 3 y 2 ) 2 .
Proof. By straightforward calculation.
Remark 5.5. The expresion of nk obtained in Corollary 5.4 corresponds to the norm of the product of the following quaternions x ′ = x 1 · 1 − x 2 e 2 − x 3 e 3 + x 4 e 4 ∈ H Q (−1, −2) , and y ′ = y 1 · 1 + y 2 e 2 + y 3 e 3 − y 4 e 4 ∈ H Q (−1, −2) , where x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 ∈Z.
From the above results, a question arise: if there is a kind of Fibonacci elements, possible similar with σ− permutated Fibonacci -Hurtwitz quaternions, such that the product of such elements is also an element of this type. In this regard, in the following, we provide a nice property involving the product of two σ− permutated Fibonacci -Hurtwitz quaternions. First of all, we give another property of the Fibonacci numbers, which we will use later in our proof.
Proposition 5.6. Let (f n ) n≥0 be the Fibonacci sequence. Then, the following property holds f n f l + f n+3 f l+3 = 2f n+l+3 , for all n, l ∈ N. + 1 4 (−1) n+1 f 2 f l−n + (−1) n f 1 f l−n e 3 + 1 4 (−1) n+2 f 1 f l−n + (−1) n f 1 f l−n e 4 = f n+l+3 + 1 2 (−1) n f l−n+1 e 2 + 1 2 (−1) n f l−n e 4 .
It results that t(F ′ n,σ F ′′ l,σ ) = 2f n+l+3 . Therefore, we obtain that Conclusions. In this paper we have found an interesting connection between quaternion algebras and some quaternary quadratic forms, arising from some results obtained by Ramanujan in [Ra; 1917], we have define a monoid structure over a finite set on which we will prove that the defined Fibonacci sequence is stationary, we have proved some results regarding the arithmetic of integer quaternions defined on some special division quaternion algebras and we have defined and gave properties of some special quaternions by using Fibonacci sequences.
